Researchers have placed much attention on direction-of-arrival (DOA) estimation algorithms for noncircular sources in recent years. However, inevitable sensor errors will cause considerable deterioration of estimation performance of these algorithms. This paper proposes an extended rank reduction estimator (RARE, a kind of auto-calibration methods) for noncircular sources upon a condition of factorization of the steering vectors in the presence of sensor errors. The proposed method can realize the "decoupling" estimation of DOAs and sensor errors without any iterative process. The simulation results of two different applications of the proposed method are presented, which demonstrate that the proposed method outperforms the conventional RARE in terms of estimation accuracy and the number of sources that can be distinguished. Moreover, its performance advantage in estimation accuracy is more significant when signal-to-noise ratio is low, or the number of snapshots is small.
The following notations are used throughout the paper. ( signify the set of NM  complex matrices and the set of NM  real matrices, respectively.
Data Model
Assuming s to be a noncircular signal with zero-mean, then variance and unconjugated variance of s satisfy the following equation 
where  denotes the noncircularity rate satisfying 01   , and  is the noncircularity phase. In this paper, we consider the signal with maximum noncircularity rate (i.e., ( , ), ( , ),
where subscript n denotes the n th signal source, n  represents the DOA parameter and n η is the vector of sensor errors. Specifically, n η is angularly independent when channel gain/phase error or mutual coupling exists, and it becomes angularly dependent when the isotropy of array element is not satisfied or multiple sensor errors exist.
Using the property of noncircularity, the covariance matrix x R and unconjugated covariance 
Extended RARE
It has been shown in [6] that the criterion of RARE algorithm can be concentrated with respect to DOA, leading to a simpler procedure conditioned on factorization of the steering vector as follows (We are not to explain how to factorize ( , ) nn  b η since the necessary details have been given in many
is a vector function of DOA parameter given by Inserting Eq. 10 into Eq. 9, we have
f η f η f η C . Similar to the conventional RARE, our method is also based on Subspace Orthogonal principle [4] , i.e., steering vectors are all orthogonal to noise subspace. Next, we proceed to introduce the orthogonal projector matrix onto the extended noise subspace.
From Eq. 8, the eigenvalues of the extended covariance matrix y R can be sorted as below [10]
Its eigenvectors are divided into two groups: One is signal subspace  . Therefore, the orthogonal projector matrix onto the extended noise subspace is obtained by
whose dimension is twice as large as the dimension of conventional noise subspace.
In the light of Subspace Orthogonal principle, the following equality holds 
, the estimation of DOA can be computed by
Thus the following optimization model presents the problem solved for ˆn  
where 
After ˆ( ) n f η is got, the estimation of senor errors can be calculated according to the specific structure of () n f η for different applications.
Numerical Results
The purpose of this section is to prove the effectiveness of the extended RARE for noncircular sources in the presence of sensor errors. Simulations of two different applications of the proposed method are carried out based on 500 independent trials. Since RARE can decouple the estimation of DOAs and sensor error parameters, we focus on the DOA estimate errors.
Extended RARE for Mutual Coupling.
In the first set of experiments, a uniform circular array (UCA) comprising 9 M  sensors is employed with its radius UCA 0.7 r   (  denotes wavelength). The coupling coefficients are 1, 0.22-0.18j, -0.15+0.16j. Here we make comparisons between the proposed method and the conventional RARE [12] in the presence of mutual coupling.
Two equipowered BPSK modulated sources are assumed with arrival angles given by Fig. 1 exhibits the comparison results for two sources against signal to noise ratio (SNR) with its value increasing. Then we simulate the estimation performance with the number of snapshots L ranging from 100 to 1000 when SNR is 5dB. The relevant results for two sources are shown in Fig. 2 . We see from these four figures (shown in Fig. 1 and Fig. 2 ) that the extended RARE outperforms the conventional RARE in terms of RMS errors, and this advantage is more prominent at low SNR values or small number of snapshots. 
Extended RARE for Angularly Dependent Gain/ Phase Errors.
The second set of experiments is conducted upon the application of a uniform linear array (ULA) with 6 primary sensors in the presence of angularly dependent gain/ phase errors. The adjacent sensor spacing is 0.5 . The gain errors and phase errors of primary sensors are drawn from the interval [0. 5, 2] and the interval [-80°, 80°], respectively. In this section, the estimation results of the proposed method and the conventional instrumental sensor method (ISM-an expansion of RARE) [13, 14] will be given. Afterwards, Table 1 lists the numbers of noncircular sources that two methods can handle given different numbers of instrumental sensors (i.e., well-calibrated sensors in advance). The table below illustrates that our proposed method has greater capacity of dealing with unknown parameters compared with the conventional ISM. . We also compare the DOA estimation performance of two methods against SNR with its value increasing based on 500 L  numbers of snapshots, as depicted in Fig. 3 . The same conclusion can be drawn as from Fig.  1 . We continue to study the effect of the noncircularity phase separation ( 
Summary
This paper has presented an extended RARE method for noncircular sources with maximum noncircularity rate in the presence of sensor errors, when the disturbed steering vector has the specified factorization. We have tested the auto-calibration effectiveness of this method upon simulations of two applications. The simulation results illustrate that the proposed method has higher accuracy of estimation and greater capacity of dealing with unknown parameters compared with conventional RARE methods.
